EE501 HW1

Q1. Let F be a field. For an arbitrary element a € F' prove the following.
(a) The additive inverse —a is unique.
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(b) For a # 0 the multiplicative inverse ™" is unique.

Q2. Let F = R (the set of strictly positive real numbers). We define addition and multipli-
cation, respectively, as

adb = ab

a®b = elnalnb
for a, b€ F.
(a) Find the additive identity O and the multiplicative identity 1p.
(b) Prove that F is a field.

(c) Given a € F, find —a and a~'.

Q3. Let (V, F) be a linear space. Given a € F and v € V prove the following.

(a) a0y = 0y.
(b) =0y = Oy.
(c) Opv = 0y.

(d) (-1p)z = —x.
(e) av = Oy implies either a = 0 or v = Oy.
(f) a0y = 0y.

Q4. Show that the set of all m x n real matrices R™*", with usual matrix addition and multi-
plication of a matrix by a real scalar, is a linear space over the field of real numbers R.

Q5. Let P[0, 1] denote the set of all functions f : [0, 1] — R that are piecewise continuous (i.e.
discontinuous only at finitely many points with well-defined (finite) right and left limits where
discontinuous). Show that P[0, 1] is a linear space.

Q6. Let S = {feC[0,1]: f(3) =0} where C[0, 1] is the set of all continuous functions
f:10, 1] = R. Prove or disprove the claim that S is a subspace of C/0, 1].

Q7. Given linear space V, let Y and Z be subspaces of V. Prove the following.
(a) The intersection Y N Z is also a subspace of V.
(b) That Y U Z is a subspace implies either Y C Z or Z C Y.

Q8. Consider the linear transformation 7 : R?*2 — R2*2 defined as

T ail a2 | a11 +a12 a2+ a2
as1 a2 a2 ail + a2



(a) Find the matrix representation of this transformation with respect to the standard basis:

(331 10 s) (280 52

(b) Find a basis for the null space N (T).
(c) Find a basis for the range space R(T).

Q9. Let B = (v1, vg, ..., v,) be an ordered basis for a finite dimensional linear space V.
Show that for each x € V, coordinates (ai, ag, ..., ap) of  with respect to B (i.e., z =
a1v1 + agva + ... + a,vy,) are unique.

Q10. Let V be the linear space of 2 x 2 real matrices

A:[an au]

a1 Q22

(a) Let S1 ={A €V :a11 + a1 = az}. Is S a subspace of V7 If so, find a basis for Sj.
(b) Repeat part (a) for So ={A €V :a12 =1+ a1}
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(c) Find a basis for V' that contains

as an element.

Q11. Consider the set of polynomials W = Sp{p1, p2, ps, p4, ps} where p1(t) = 1+ ¢, pa(t) =
2+t p3(t) =t4, psa(t) =1 —t + 12, and p5(t) = 1 —t +t% 4 2t*. Find a basis for W.

Q12. Let T : V — W be a linear transformation, where V is the set of all 2 x 2 real matrices
and W is the set of all polynomials with degree no greater than two, defined as

T <[ ailp @12 ]) = a1 + ajot + (ag1 + a22)t2 .
a1 a2

s (30110 1 0] 2 a])

C=(1,t t%

Let

and

be bases for V and W, respectively.
(a) Find the matrix representation of 7" with respect to the given bases.

(b) Replace basis C with C = (1, 1+, 1+t+2) and find the new matrix representation of 7.



Q13. Let P be the set of all polynomials with real coefficients and with degree no greater than
n — 1. Let L be the set of all linear functions of the form ¢ : P — R. [t is a fact that L is an
n-dimensional linear space.

(a) Given t; € R let ¢1 : P — R be defined as ¢1(p) = p(t1). Show that ¢; € L.

(b) Take n = 3. Prove the following claim. Given three distinct real numbers t1, t2, t3 we can
always find three real numbers a1, as, az such that

1
/0 p(t)dt = aip(t1) + az2p(t2) + azp(t3)

for all p € P.



