EE 501 (SUPPLEMENTARY NOTEYS)

COMPUTATION OF THE R(A) AND N(A)

Our aim is to determine basis sets R(fA) andN(A), where A is anmxn real matrix.
The analysis is similar in the complex case.

Elementary Column Operations (e.c.0.)

Let A be anmxn matrix. The three elementary column operations are
i.  Multiplication of a column by a nonzereal number.
ii.  Adding the product of column by a real number to column wherei # j.
iii.  Interchanging two columns.

Theorem: If B is obtained fromA by a sequence of e.c.o., th@ncan be obtained from
B by a sequence of e.c.o.

Proof: It is sufficient to show this for each of the thre.c.o. LetA= [a1 a, ... an], where
a, R™ are columns ofA.

i.  Let c be anonzero real number. Multiply by c. Now, ca, is thei-th column
of B. A can be obtained frorB by multiplying thei -th column byc™ =1/c.

ii. ~ Multiply the j-th column of A by c and add it to column. Now, & +ca, is
the i -th column of B. To obtain A back, subtract the product of the-th
column of B (i.e. a;) by ¢, from i-th column ofB.

iii.  Ifcolumnsa anda; are interchanged to obten interchange the same two
columns to obtainA back.

Theorem: Any of the three e.c.o. defined above correspooasultiplying A from right
by an nxnnonsingular matrixe where E is obtained by performing the corresponding
e.c.0. on the unit matrix .

Proof: Exercise.

Examples:

I 1 T 0

& a,| [cay au}{an aﬂ[c }(Firste.c.o.)
_a21 a'22_ _Ca21 a'22 a'21 a22 0 1

G fp | | a“}[a“ a”}{o 1} (Third e.c.0.)
ay Gy | |8pn 4y a a,|1 0



[an aiz}{aﬂ a12+can}{an aﬂ[l C} (Second e.c.0)
ay; Ay Ay 8y TCAy A 8]0 1

We therefore see that B is obtained fromA by a sequence of e.c.o., then
B=AEE,...E, = AK whereK =EE,...E, anddetK # 0. E is obtained by

performing thei -th e.c.o. onl . Clearly, E”* corresponds to an e.c.o. performedign
as well.

Definition: If B is obtained fromA by a sequence of e.c.o., thBnis said to be column
equivalent toA.

Theorem: If B is column equivalent t8, then R(B) = R(A).

Proof: Let yOOR(A). Then, there exists anJR" such thatAx = y. Since A= BK ™,
y = BK 'x. Let X = K™'x. So, y = BX, which means thay 0 R(B). So R(A) 0 R(B).
Now, let y' D R(B). Then, there exists axi 0 R" such thatBx' =y. B= AK and let

X'=Kx'. Then,y' O R(A). So, R(B) 0 R(A).

Remark: By using the theorem given above, we can simplifgatrix A by e.c.o. and
obtain a matrixB which is column equivalent té . Then we can find a basis f&(B),

which also turns out to be a basis R{A) .

The Algorithm to find a basisfor R(A):
1. Seti=1.
2. Find the smallesk such that
a, %0
a, =0 foralll <i

If such ak does not exist, go to step 4.
3. Forall j >k such that

a; 20
anda; =0 foralll <i
multiply columnk by - &, /a, and add to columrj.
4. If i =m, stop. Otherwise, let - i +1 and go to step 2.

As a result of this algorithm, the matrix is transformed intoA by e.c.0. where each
column of A is either zero or ik is the first non-zero entry (counting from the top

columni, thenk; # k; wheni # j.

The matrix A looks like



000 ..0
x 00 ..0

A=l x 0 .. 0
I

L O .

By reordering columns oA, we can have:

1<k, <k, <...<k <n

wherer is the number of non-zero columns &f. Then{a,,...a } constitute a basis for
R(A) = R(A) . Prove this last statement as exercise.

Example:
1 -1 2 13 1 0000 [1 0000 [1 0 000
|11 -2-1-3 |-1 0000 |-1 0000/ [-10 000 -
2 -1 4 47 2 1021 |2 1 000/ |2 1 000
1 -2 6 57 1 -1444 |1 -1465 |1 -1400
17707 o
so, 4| 72| O |9l is a basis foR(A) = R(A).
2110
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Elementary Row Operations (e.r.o.)
The three elementary row operations are:

i.  Multiplication of a row by a nonzen@al number.
ii.  Adding the product of rowj by a real number to row, wherei # j.

iii.  Interchanging two rows.

Theorem: If B is obtained fromA by a sequence of e.r.o., théncan be obtained from
B by a sequence of e.r.o.
Proof: Exercise

Theorem: Let B be obtained fromA by a sequence of e.r.o., th&= KA where
K =EE,_,...E isanon-singulanxm matrix and eaclk, is obtained by performing

the i -th e.r.o. on themxm identity matrix| .
Proof: Exercise.



Definition: If B is obtained fromA by a sequence of e.r.o., thénis said to be row
equivalent toA.

Theorem: If B is row equivalent té, then N(B) = N(A).

Proof:
Let xOON(A). Then,Ax=0, and KAx = Bx =0. Hencex [ N(B).

Next, let xON(B). Then,Bx =0, and K "Bx = Ax=0. So, xON(A).
The Algorithm to find a Basisfor N(A)

I. First phase (er.o.)
1. Seti=1.
2. Find the smallesk such that
a, 0
a, =0 forallj<i
If such ak does not exist, go to step 4.
5. Forall j # k such thata; # 0, multiply row k by —a; /a, and add to rowj .

6. If i =n, stop. Otherwise, lat - i +1 and go to step 2.

Note that this portion of the algorithm resembles &lgorithm for finding a basis for
R(A) . At this point, the rows are either all zerosrothie form

0 0 .. 0 x x ... X

I1. Second phase (Reordering the rows)
1. Interchange the rows so that all the zero rowbdiew the nonzero rows. Define

integersk,, k,,..., k. as follows:k; is the location of the first non-zero entry of

the i -th row.
2. The rows are ordered such that< k, <... <k,

The resulting matrixA (which is row equivalent te\) has the following properties:
i. Rowsr+1r+2,...,m have only zero elements.

ii.  All elements to the left ofi,k, ) are zero for ali =1,2,...,r .
ii.  All elements abovdi,k, ) are zero for ali =1,2,...,r .
Define the index seK ={k,,k,,...k,}, wherel<k, <k, <...<k <n.
Define also the index sét={12,...n} -K asL={l,1,,...I1 .}
So, L is the set of integers fronh to n which are not inK. Orderl;’s such that
1<l <l,<...<l_ <n.Inother wordsk UL ={1,2,...n}.



I1l. Thebasisfor N(A)

Solve the system of equatiodsx =0 n—r times, each time by setting successively all
components ofk with indices inL equal to zero except one component which is set
equal to one. Then, solve for the componentsg @fith indices inK .

Let x, be the solution obtained when theth component is set equal tcand other ;’s

aresetto O, i.e.

u1,|i
u
X = 2' , Whereu, | =1 andu, | =0fori#j.
un,Ii
and U, ’'sare obtained fromAx, = 0n this way,n—r solutions{xI1 K X }are

obtained. This set is a basis fli(A) = N(A).

Example:
1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 [10 ¥% -2
ac|2 0 1 -4 0 2 -1 -2 0 2 -1 -2/ |02 -1 -2
-1 5 -3 -3/7l0 4 -2 -4|"lo 0 0 O 00 0 O
3 7 -2 -13| |0 10 -5 -10| |0 0 O O 00 0 O

k. =1, k,=2andl, = 31,=4

Uy, %

u %

X, =X = ;:ll AX|1 =0 X3 = f

0 0

Uy, 2

u 1

X, =X = glz AX|2=O X4=O

1 1
_}/2 2

1 _
/. g is a basis foN(A) = N(A)

0|1

|



