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Electrical Conductivity Imaging
via Contactless Measurements

Nevzat G. Gen¸cer,* Member, IEEE,and M. Nejat Tek,Student Member, IEEE

Abstract—A new imaging modality is introduced to image
electrical conductivity of biological tissues via contactless mea-
surements. This modality uses magnetic excitation to induce
currents inside the body and measures the magnetic fields of the
induced currents. In this study, the mathematical basis of the
methodology is analyzed and numerical models are developed to
simulate the imaging system. The induced currents are expressed
using the ~AAA-��� formulation of the electric field where ~AAA is the
magnetic vector potential and��� is the scalar potential function.
It is assumed that ~AAA describes the primary magnetic vector
potential that exists in the absence of the body. This assumption
considerably simplifies the solution of the secondary magnetic
fields caused by induced currents. In order to solve��� for objects
of arbitrary conductivity distribution a three-dimensional (3-D)
finite-element method (FEM) formulation is employed. A specific
7 ��� 7-coil system is assumed nearby the upper surface of a
10 ��� 10 ��� 5-cm conductive body. A sensitivity matrix, which
relates the perturbation in measurements to the conductivity
perturbations, is calculated. Singular-value decomposition of the
sensitivity matrix shows various characteristics of the imaging
system. Images are reconstructed using 500 voxels in the image
domain, with truncated pseudoinverse. The noise level is assumed
to produce a representative signal-to-noise ratio (SNR) of 80 dB.
It is observed that it is possible to identify voxel perturbations
(of volume 1 cm3) at 2 cm depth. However, resolution gradually
decreases for deeper conductivity perturbations.

Index Terms—Electrical conductivity, finite-element method
(FEM), magnetic induction, medical imaging.

I. INTRODUCTION

I MAGING the electrical conductivity of living tissues has
been a fundamental challenge in biomedicine. There are

a number of techniques that were proposed to obtain the
electrical conductivity distribution of the human body [1],
[2]. All these techniques use electrodes attached on the body
surface to inject current and/or measure voltages. In this study,
a new medical imaging modality that makes use of contactless
measurements is introduced to image the conductivity distri-
bution. The ultimate goal of this technique is to image the
spatio-temporal conductivity changes by magnetic coupling.
This provides images of static and time varying conductivities
of living tissues.
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Fig. 1. General principles of data collection in the magnetic-induction mag-
netic-measurement system. A transmitter coil is energized with low-frequency
sinusoidal currents, generating time-varying magnetic fields. This induces
current in the nearby conductive body. A receiver coil senses the magnetic
fields of both primary current in the transmitter coil, and the induced current
in the conductive body.

Fig. 1 shows the basic principles of the measurement system
(magnetic-induction magnetic-measurement system). A trans-
mitter coil is driven by a low-frequency sinusoidal current to
provide time-varying magnetic fields. When a conductive body
is brought near these coils, induced currents in the body are
proportional to the conductivity distribution. These currents
create secondary magnetic fields and the electromotive force
(emf) induced in a receiver coil is measured. This measurement
methodology has been known for decades. It was a major
technological advance in the field of geophysical inspection
[3], [4] (see [3] for an historical perspective). However, it has
also been used for different purposes, such as measuring the
degree of salt content in sea water or measuring the impurity
ratio in semiconductors [3]. For medical purposes, it was first
used thirty years ago. In 1968, Tarjan and McFee introduced
a magnetically coupled instrument to determine the effective
electrical resistivity of the human torso and head [5], [6]. They
also observed conductivity fluctuations as a result of cardiac
activity and ventilation. These encouraging results show the
possibility of a new medical imaging modality, based on this
measurement technique.

In conventional applied-current electrical impedance tomog-
raphy (ACEIT), low-frequency sinusoidal currents are applied
via electrodes attached to the body surface [1], [7]–[10].
This technique has been used in characterization of can-
cerous tissues [18], [19], respiratory medicine [20], [21],
localization of cardiac-related impedance changes in the thorax
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[22], gastric-function assessment [23], monitoring conductivity
changes in the adult brain during the cardiac cycle [24], [25],
in thermal monitoring of hyperthermia treatment [26], and
in the localization of epileptic foci [28], [29]. However, the
use of current injection from the surface electrodes has some
limitations that affect the performance of the imaging system
[11], [15]. In addition, an insulating layer (such as bone) near
the injection electrodes reduces the injected current density in
the deep-lying tissues. This is an important problem, especially
when the head is to be imaged. Note that the electrical-
conductivity distribution of the human head is also necessary
to develop realistic electrical models, required to increase the
accuracy in locating electrical sources in the human brain
[30]–[32].

In induced-current electrical impedance tomography
(ICEIT), currents are induced into the body by time-varying
magnetic fields (e.g., 50 kHz) [11]–[15]. Thus, it is possible
to eliminate the screening effect of bones. In addition, by
applying different magnetic fields it is possible to increase
the number of measurements. This can be achieved by
using different coil shapes, or by changing the position of a
given coil. In ACEIT, the number of measurements can be
increased by increasing the number of electrodes attached on
the body surface. In that sense, ICEIT is more flexible as
compared to ACEIT. However, a common problem of both
techniques is the attachment of electrodes to the body surface
to measure the voltages.

Compared to the above techniques, the proposed technique
has the following important features: 1) there is no physical
contact between the body and the measurement system; 2)
currents can be coupled into the body avoiding screening
effect of the superficial insulating layers; and 3) the number
of measurements can be increased by simply shifting the
transmitter and receiver coil array. In addition, the proposed
technique can be used to obtain both static (actual) and
dynamic (difference) images.

The feasibility of the proposed measurement system for
medical imaging purposes was explored in [33]. The validity of
the simplifying assumptions for the governing field equations
were investigated. It was found that for an operating fre-
quency of 100 kHz, the displacement currents can be ignored.
However, the propagation effects become significant for a
representative distance of 20 cm. In order to estimate the
induced current densities and their magnetic fields (secondary
fields), the half-space problem was solved for coplanar and
coaxial coil configurations (Fig. 2), where analytical solutions
are available (see the Appendix for detailed formulation). For
a coaxial coil configuration, the maximum induced current
density was on the order of 10 mA/cm , whereas the
secondary voltage was about 10V. These results were
obtained for a one-turn transmitter coil of radius 1 cm, excited
by a sinusoidal current of 1 A peak at 50 kHz. The detection
coil was assumed to be of the same size, but with 10 000 turns.
For a coplanar coil configuration, the maximum current density
increased to 4.9 10 mA/cm and the secondary voltage
was about 10 V. Note that the calculated maximum current
densities are much lower than the safety limit (1.6 mA/cmat
50 kHz [34]), whereas the received voltages are measurable.

(a)

(b)

Fig. 2. Possible coil configurations for magnetic-induction magnetic mea-
surement system. (a) Coplanar configuration. (b) Coaxial coil configuration.

The above results were obtained using analytical expres-
sions, assuming that the conductive body is a half space.
However, in general, the solution for current densities and the
secondary magnetic fields must be obtained numerically for
bodies of arbitrary geometries and conductivity distributions.
In this study, the finite-element method (FEM) is employed to
solve the scalar potential functions and, therefore, the induced
currents in the conductive medium. The performance of the
numerical model was tested with analytical solutions and with
the results reported for standard problems [17]. In that study,
the numerical model has also been used to explore the changes
in the potential and secondary magnetic field patterns, caused
by conductivity perturbations in a cubic conductive body.
Currents were induced in a 9 9 5 body of conductivity
0.2 Sm , by circular coils driven sinusoidally (10 kHz). It
was found that a 1-cm shift in the perturbation depth reduces
the field magnitude to approximately one-tenth. In addition,
the distance between the field extrema increases with the
perturbation depth.

In the first part of this study, the forward problem (i.e., cal-
culation of measurements for a given conductivity distribution)
formulation is presented. An expression is derived, relating
the first-order variation in the secondary magnetic fields to the
conductivity perturbations in the conductive body. The FEM
is used to numerically implement this relation. The sensitivity
matrix, which relates the perturbation in measurements to the
conductivity perturbations, is calculated. In the second part, the
characteristics of the inverse problem (i.e., calculation of the
conductivity distribution using the measurements) are explored
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by analyzing the properties of the sensitivity matrix. Images
reconstructed with simulated data are also presented.

II. FORMULATION OF THE FORWARD PROBLEM

A. Relation of Magnetic Flux Density to Induced Currents

For sinusoidally varying electromagnetic fields ( time
dependence is assumed) in a linear isotropic nonmagnetic
conductive medium, the electric field can be expressed as
follows:

(1)

where is the radial frequency, is the magnetic vector
potential, and is the scalar potential [35].

Equation (1) shows that the electric field has two sources:
variation of magnetic field with time and surface and volume
charges. Finding is considerably simplified under the follow-
ing assumptions: 1) the magnetic vector potentialgenerated
by a transmitter coil is equal to the primary vector potential

, which exists in the absence of the conductive body and
2) the displacement currents are negligible. Thus, the vector
potential term in the electric field expression can easily be
calculated for a certain coil configuration. Calculation of the
scalar potential distribution for the same coil configuration
requires the solution of the following differential equation
[13], [14]:

(2)

where is the normal component of the magnetic vector
potential on the surface of the conductive body. Here, for
notational simplicity, represents the imaginary component
of the scalar potential since the real part is zero [14]. Thus,
the electric field can now be expressed as .
After solving for the scalar potential, the induced current
density in the conductive body can be obtained by .
Formulation of the forward problem simply continues by
applying Biot–Savart law, using the two current components:
1) the current in the transmitter coil ( and 2) the induced
currents in the conductive body (). Note that there is a 90
phase difference between these two currents. The magnetic

flux density is then

(3)

or

where and represent the primary and secondary mag-
netic fields, respectively. Here, can be expressed more
explicitly

(4)

where is the free-space permeability andrepresents the
vector from the source point in the conductive body to the
field point ( is the distance between these points).

Note that the relation between and is a rather com-
plicated mapping since , itself, depends on conductivity.
However, a first-order variation in the secondary magnetic
fields , related to the perturbation in the conductivity
distribution, can be determined. If and are the magnetic
flux densities corresponding to and , then (4) can be
rewritten by substituting and and ,
as shown in (5) at the bottom of this page. The last term in
the right-hand side can be neglected, since it is a second-order
variation. The first term is , so it may be taken to the
left-hand side, yielding . The second term
can be rewritten by replacing with .
Consequently, we obtain the following expression relating the
variation in the secondary magnetic fields to the conductivity
perturbation:

(6)

B. Measurement Sensitivity to Conductivity Distribution

Let us assume that excitation and detection coils are located
above the conducting object, as shown in Fig. 3. Using the
magnetic reciprocity theorem [36], it is possible to obtain the
flux in the detector coil as follows:

(7)

(5)



620 IEEE TRANSACTIONS ON MEDICAL IMAGING, VOL. 18, NO. 7, JULY 1999

Fig. 3. Relation between the magnetic flux densities generated by current
IT in the transmitter coil and the reciprocal currentIR in the detector coil.

where is the magnetic vector potential created by the
reciprocal current in the detector coil. Here, is equal
to in the excitation coil volume and in the conductive
body. Consequently, the flux in the detector coil is obtained
by taking the integrals in the corresponding volumes

(8)

The first term on the right is the primary flux, directly coupled
from the transmitter coil. The second term represents the flux
caused by the induced currents. The electromotive forcein
the receiver coil can be expressed as

(9)

Here, the term (the magnetic lead field) represents
the electric field that can be created by the detector coil,
energized with unit reciprocal current. The two terms in the
right-hand side represent the primary () and secondary ( )
voltages, respectively.

C. Numerical Formulation and Solution of the
Forward Problem Using the FEM

Analytical solutions for the secondary magnetic field are
available for special conductive body geometries. An example
for such a solution is provided by [4] and is given in the
Appendix. However, for a general conductivity distribution,
solutions for the secondary magnetic field can not be obtained
by analytical methods. Equation (4) gives the general relation
between the measurements and induced currents. In order
to calculate the secondary magnetic fields, due to induced
currents in an arbitrary conductivity distribution, the scalar
potential distribution should be solved. In this study, is
obtained using the FEM.

For the FEM formulation, the conductive body is divided
into volume elements (voxels). On each element, the conduc-
tivity is taken to be constant and is approximated by a
summation of simple functions and the scalar potentials of
the nodes are unknowns. If denotes the vector of unknown
scalar potentials at the nodes, the following matrix equation
is obtained:

(10)

where denotes the vector of element conductivities,is the
vector incorporating interface conditions, as well as boundary
conditions. Here, is a sparse matrix whose entries depend
on the element geometries and element conductivities. Tests
for simple body geometries showed that FEM solutions of the
scalar potential have a peak error of less than 1% when
compared with analytical solutions [16], [17]. After solving
scalar potential for each node, it is possible to find
and at any point in the conductive body, using
standard tools developed for the implementation of the FEM.
Consequently, and can be calculated, using (4) and
(6), for a given initial conductivity distribution.

If the conductive body is divided into voxels, then (6)
can be rewritten as a summation across theseelements. For
example, for the th measurement it is possible to express

as

where

Here, the subscript denotes that the parameter is evaluated
on the th element.

Let there be field points, then the following matrix
equation relates the perturbation in conductivity to the
perturbation in magnetic fields :

(11)

where is an vector of measurements, is
vector of conductivity perturbations, andis an

sensitivity matrix.
The sensitivity matrix can also be calculated using a differ-

ent method. In that method, the secondary magnetic fields are
calculated twice for each excitation. In the first calculation, an
initial estimate is used for the conductivity distribution of the
body. In the second case, the conductivity of a single voxel is
perturbed by, for example, 1% of the voxel’s initial estimate.
For a particular field point, the difference of the calculated
fields divided by the variation in voxel conductivity, provides
the sensitivity of that measurement to the change in the voxel
conductivity. The calculation of the sensitivity matrix using
this method requires a considerable amount of time and, thus,
it is not used in this study.
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Fig. 4. A cubic conductive body with dimensions 10� 10 � 5 cm. Each
voxel in the FEM mesh is 1� 1 � 1 cm. All coils have radii of 0.5 cm.
Receiver coils are located 0.5 cm above conductive body (h = 0:5 cm).
Transmitter coil plane lies 0.5 cm above receiver coil plane (d = 0:5 cm).
Note that the scales are exaggerated to ease display.

III. T HE INVERSE PROBLEM

A. Properties of the Sensitivity Matrix

In order to understand the imaging capability of the pro-
posed system, the properties of the sensitivity matrix should
be investigated. For that purpose, a body geometry and a coil
configuration must be specified. In this study, the conductive
body is chosen as 10 10 5-cm cubic object which has a
uniform conductivity of 0.2 S/m (Fig. 4). The body is divided
into 1 1 1-cm volume elements, yielding 500 voxels. A
7 7 grid of coils covers the top surface of the conductive
body. Both the excitation and recording coils have a radii of
0.5 cm and 1000 turns. The excitation coil carries a sinusoidal
current of 1 A at 50 kHz. The transmitter and receiver coil
planes are located at 1- and 0.5-cm distance from the top
surface of the body, respectively. For each excitation, one of
the 49 transmitter coils is energized to induce current in the
conductive medium and 49 measurements are obtained. When
this scheme is repeated for all transmitter coils, it is possible
to obtain 2401( 49 49) measurements. Thus, the sensitivity
matrix is of dimension 2401 500.

Rows of are displayed to understand the sensitivity
of measurements to voxel conductivity perturbations.
Fig. 5 shows the sensitivity distribution for a selected
drive-measurement coil pair. Note that sensitivity to
conductivity perturbations is high for voxels beneath the
transmitter and receiver coils. Sensitivity is also high for
voxels between these coils.

Singular-value decomposition (SVD) of provides the
singular values, the basis vectors of the measurement, and
image domains (right and left singular vectors). The normal-
ized singular values of the sensitivity matrix are provided in
Fig. 6. The condition number is calculated as 7.4110 . The
image domain singular vectors are also displayed to understand
the characteristics of the imaging system. It is observed that
singular vectors which correspond to smaller singular values
include high-frequency conductivity variations at distant points
from the coil locations.

(a)

(b)

(c)

Fig. 5. Plot of the sensitivity pattern for the selected transmitter–receiver
coil pair. (a)x–y plane atz = 5 cm. (b)y–z plane (which intersects the coil
centers). (c) One-dimensional plot of sensitivity distribution.

B. Image Reconstruction

Images of conductivity distribution are obtained using the
Newton–Rampson Method. This is achieved by first linearizing
the forward problem around an initial conductivity estimate

, as given in (6), and obtaining the matrix equation (11).
The minimum-norm least squares (MNLS) solution to is
found by pseudoinverse of (denoted by ) as

(12)

(Calculation of pseudoinverse using SVD is given in the
Appendix.) This process continues by updating the voxel
conductivities by and calculating the sensitivity
matrix for the new conductivity distribution to form the new
matrix equation, as given in (11).
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Fig. 6. Singular-value plot of the sensitivity matrix. All singular values are
normalized with the maximum singular value (3.57� 10�14) and logarithms
of the normalized singular values are plotted.

Images are reconstructed, using simulated data obtained for
different conductivity distributions. The measurement data set
is obtained by solving the induced currents for each excitation
coil location and calculating the secondary magnetic fields,
using (4). The above image-reconstruction process starts, using
an initial estimate for conductivity distribution and calculating
the secondary magnetic fields for this estimate.

The performance of the new imaging system can be
assessed by calculating the point-spread function (PSF), using
single voxel perturbations. However, obtaining and visualizing
images for each voxel perturbation is a tedious work. Instead,
we prefer to use the resolution matrix concept to provide the
results of all such simulations. Let represent the MNLS
image of the actual conductivity perturbation , then

(13)

Use of SVD for defining and leads to the following:

(14)

where is an matrix that includes the right singular
vectors (image basis vectors) as its columns and is
an matrix, namely, the resolution matrix. Each column
or row of is the image of a single voxel perturbation,
reconstructed by the described imaging system. Onceis
stored, simulation studies for different can be carried
out without even making forward and inverse transformations.
Note that when the number of basis vectors is equal to the
number of unknowns, then becomes an identity matrix.
This means that, using such a system, any perturbation can be
identically reconstructed. However, the number of image basis
vectors used in image reconstruction may change according to
the noise level in the measurements (see the Appendix for the
definition of the truncated pseudoinverse). If this number is

, then will be an matrix and the characteristics of
matrix changes according to the number of truncated basis

Fig. 7. Resolution matrix of the 49-coil system. There are 100 voxels on
each layer. The voxels on the uppermost layer (center of voxels are atx–y
plane wherez = 4:5 cm) are indexed as 401–500, the voxels in the next
layer are indexed as 301–400, and so on.

vectors. The resolution matrix of the described system is ob-
tained using 300 basis vectors in, assuming a possible SNR
of 80 dB and displayed in Fig. 7. Note that in the bottom right
corner the matrix is diagonal and the diagonal entries are unity.
This shows that the imaging system can perfectly reconstruct
the corresponding single-voxel perturbations. This behavior
can be observed even for voxels at a depth of 2 cm. For
deeper voxels, a spread should be observed. Fig. 8 shows the
reconstructed images to demonstrate this depth dependency.
For that purpose, a voxel is selected at the center of each
layer. Thereafter, the corresponding rows ofare displayed
as a one-dimensional (1-D) function in the right-hand side.
This gives the overall amplitude variation in the reconstructed
3-D image. The image of the related layer is also displayed
in the left-hand side to show the spread in the selected slice.
It is observed that the resolution in the reconstructed images
decreases as the distance of the voxel from the measurement
surface increases. There is also a considerable spread in the
image toward the upper and lower layers.

IV. CONCLUSIONS AND DISCUSSIONS

In this study, the forward and inverse problems of a new
medical-imaging modality were discussed in detail. The ul-
timate aim of this new modality is to reconstruct electrical
conductivity images of biological tissues via contactless mea-
surements. This is achieved by applying time-varying magnetic
fields to induce currents in the conductive body. Thereafter,
the magnetic fields of the induced currents are measured and
used to image conductivity distribution.

The forward problem of the imaging system was defined as a
calculation of the secondary magnetic fields, due to the induced
current components in the medium. The induced currents
were expressed using the- formulation of the electric field
(i.e., ). It was assumed that describes
the primary magnetic field in the absence of the body. In
order to solve the scalar potential distribution for objects
of arbitrary conductivity distribution a 3-D FEM formula-
tion was employed. The secondary magnetic field expression
was linearized around an initial conductivity distribution. In
discretized form, a linear system of equations was obtained,
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(a)

(b)

(c)

Fig. 8. The reconstructed images of single-voxel perturbations. The voxels are selected at the centers of each layer. One-dimensional plot of all voxels
is shown on the left and the image of perturbed layer in shown on the right. Thez coordinate of the center of the selected voxel is: (a)z = 0:5

cm, (b) z = 1:5 cm, and (c)z = 2:5 cm.

relating the perturbations in magnetic field measurements to
the conductivity perturbations. Assuming an array of coaxial
coils near the top surface of a conductive body, the sensitivity
matrix was calculated and its properties were discussed.
It was shown that the sensitivity to deeper regions gradually
decreases. The SVD of showed that the condition number
is high. The reason was the low measurement sensitivity to
high-frequency oscillations of the conductivity perturbations
in the deeper regions of the conductive body. This affected the
images reconstructed with additive measurement noise. Thus,
truncated pseudoinverse solutions were obtained, sacrificing
the resolution in depth.

In practice, the body geometry used in the numerical model
may not fit the actual geometry. The variation in the distance

between the transmit/receive coils and the skin surface may
cause significant differences between the measured and the
calculated fields and undesirable results in the reconstructed
images. In the case of complicated body geometries, such as
the human head, it is possible to avoid such artifacts by taking
MRI’s of the subject with markers to provide the required
coordinate system. Thereafter, segmentation and surface re-
construction algorithms can be applied to parameterize the
body surface.

In the calculation of induced currents, two components of
the electric field were taken into account. The term
is linearly related to the conductivity distribution. However,
the second term, , introduces nonlinearity as itself
is a function of conductivity. An alternative strategy, that
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(d)

(e)

Fig. 8. (Continued.)The reconstructed images of single-voxel perturbations. The voxels are selected at the centers of each layer. One-dimensional plot
of all voxels is shown on the left and the image of perturbed layer in shown on the right. Thez coordinate of the center of the selected voxel is:
(d) z = 3:5 cm and (e)z = 4:5 cm.

was not applied in this study, is to find an initial estimate
of the conductivity distribution by neglecting the nonlinear
component of induced currents. This might provide an easy
and quick way of obtaining an initial estimate. Since the
magnetic vector potentials can easily be calculated for a given
coil configuration, this process does not require cumbersome
numerical work. However, neglecting the nonlinear term might
introduce large errors, especially at the inner conductivity
interfaces and body surface. The possible advantages of such
a methodology will be revealed in future studies.

The degree of nonlinearity is analyzed by reconstructing
images for higher conductivity perturbations. Even for con-
ductivity perturbations of 50% of the background conductivity,
it is possible to reconstruct images that are indicative of the
inhomogeneity.

In this study, a new method is described to obtain the
sensitivity matrix. The time required to obtain the sensitivity
matrix is 1609 min in a 166-MHz PC with a memory of
128 MB. Note that the new method provides a considerable
reduction in the computation time, compared to the method
based on solutions of the forward problem.

The possible applications of the proposed technique
are those that were originally studied for injected-current
electrical-impedance imaging. However, the properties of the
data acquisition system will be different, depending on the
selected application. For static images, it may be feasible
to obtain one image per hour. For cardiac-related images,
Eyubogluet al. had collected 20 frames (the complete set of

data to obtain an image) from the thorax at a rate of ten frames
per second with ACEIT [22]. Smithet al. had realized a real-
time impedance imaging system which collects 25 frames/s
[27]. The feasibility of such rates for the proposed technique
depends on a number of parameters (the achieved, the
number of receiver coils, depth of conductivity changes, etc.)
and should be further studied, depending on the selected
application.

In the simulated imaging experiments of this study, the
average, maximum, and minimum of the secondary emf at
the receiving coils are 28, 82, and 5V, respectively. The
available emf shows us that modern lock-in amplifiers with
sensitivity on the order of nanovolts can be used to obtain
measurements. However, error sources and other limitations
on the measurement technique should be revealed by further
studies on data acquisition.

In conclusion, this study forms a mathematical basis for
the future developments in electrical conductivity imaging
via contactless measurements. The mathematical tools of this
study can be used to improve the performance of the imaging
system, for example, by exploring the use of different excita-
tion types and multifrequency excitations.

APPENDIX

A. Analytical Solutions for Layered Conductive Half Space

Wait has derived a very useful formulation for multilayer
half-space earth, excited by a circular coil located in the
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air (Fig. 2), for the purpose of geophysical exploration [4].
Once the basic assumptions are satisfied, the same formulation
can be used to understand the feasibility of the measurement
technique to explore the conductivity of biological tissues. This
can be done by assigning tissue conductivities to the layers.

Let represent the operation frequency and
and , then using the following assumptions,
it is possible to obtain relatively simple expressions: 1) the
displacement currents are negligible; 2) the coil radius is
much smaller than the distance between the transmitter
and receiver coils (so that it can be represented as a mag-
netic dipole); and 3) and are much less than
one. Consequently, the primary and secondary magnetic flux
densities are

where , , and
is the infinitesimal area of the coil. The parametersand
are defined as the following:

(15)

In the following two subsections, expressions for the volt-
ages in the receiver coil, due to the currentin the transmitter
coil, will be presented for two types of coil configurations
given in Fig. 2 [4]: 1) coplanar coils with axes vertical to the
half space and 2) coaxial coils with axes vertical to the half
space.

1) Coplanar Coils with Axes Vertical to the Half Space:Let
the transmitter coil area, the number of turns, and the coil
current be denoted by , , and , respectively. Since
both coils are at the same height ( ), the first term of
the primary magnetic-flux density is zero. Thus, at a
distance is

(16)

The primary voltage induced in a -turn receiver coil of
area is

(17)

or

(18)

The secondary voltage can be calculated by first noting that

then

(19)

or

(20)

then the total voltage is

(21)

2) Coaxial Coils with Axes Vertical to the Half Space:The
primary magnetic field at a distance from the
transmitter coil center is

(22)

The primary voltage induced in a -turn receiver coil of
area is

(23)

or

(24)

The secondary voltage is in the following form:

(25)

Thus, the total pickup voltage is

B. FEM Formulation

In this study, the FEM is used to solve the scalar potential
distribution in objects of arbitrary conductivity distribution.
The body conductivity is assumed to be isotropic. The FEM
formulation for anisotropic conductivity distributions is given
in [17].

The FEM formulation is performed for 20 noded isopara-
metric quadratic hexahedral elements (Fig. 9). Applying
Galerkin’s weighted residuals method to the partial differential
equation (2)

(26)

is to be satisfied for each quadratic shape function,
[14]. In all equations, subscript is used to show

that integrations are taken on element volume and surface.
Assuming constant conductivity in each element ( ),
the previous equation becomes

(27)
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Fig. 9. 20-noded hexahedral elements. Quadratic variations are supported on
the edges of this element. Unit element in local coordinates is on the left. A
possible element in global coordinates is on the right.

which can be rewritten as

(28)

Using the divergence theorem and on every
element surface, we obtain

(29)

and are expressed in an element as

(30)

(31)

Placing (31) in (29) we obtain an equation in terms of the
node potentials . Repeating this process for ,
an element matrix equation can be formed. After an assem-
bly process, a matrix equation relating the unknown node
potentials to the excitation parameters is obtained. In matrix
form

(32)

Since is large in dimension but sparse, solution of
is obtained by a conjugate transpose solver [37]. Numerical
surface and volume integrations are evaluated by 9- and
27-point Gauss–Legendre quadrature integration procedures,
respectively.

C. SVD and Pseudoinverse Solutions

For an matrix there exist orthogonal matrices [38]

such that

where

(33)

and are the singular values of . The matrix is a
diagonal matrix with the singular values on its main diagonal.

Furthermore, if rank , i.e.,

then the SVD expansion [38] is defined by

(34)

where the vectors and are the th left and right singular
vectors of dimension and , respectively. and

are and matrices composed of the related
singular vectors and is the diagonal matrix with the
first singular values on the main diagonal.

The MNLS solution to a linear system of equations can
be obtained by the Moore–Penrose Inverse [39], [40] or
pseudoinverse of defined by

(35)

If the noise in the measurements is additive, then the
MNLS solution will be [41], [42]

(36)

(37)

where

In such a case, the condition number of the matrix(the
ratio of maximum to minimum singular values) and the noise
level in the measurements becomes important. The second
term of (37) may dominate the first term because of the small
singular values. The noise level in the measurements must be
sufficiently small to compensate for the effects of the smallest
singular values. For cases where this is not possible, the effects
of the second term can be eliminated by using the method of
the truncated pseudoinverse, described in [41]. This method is
simply carried out by truncating at an earlier index in the
evaluation of given by (35). However, while this method
reduces the effects of measurement noise on the reconstructed
images, it also imposes a severe loss of information because
of the exclusion of image components. The optimal truncation
index is found as

(38)

assuming and are independent white Gaussian vectors
[41], [43], [44]. The operators and , respectively, rep-
resent the expected value and the Euclidean norm operations.
The SNR of a data acquisition system can be defined as

S/N (39)

where the ratio of expected values is equivalent to the ratio of
the variances of the measurements and noise. Consequently,
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SNR’s of 40 and 20 dB correspond to norm ratios of 100
and 10, respectively. The singular value at the truncation
level is the smallest singular value that satisfies the following
inequality:

S/N (40)
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