74 Random Vectors Chap. 2

PROBLEMS

2.1. A probability density function for a two-dimensional random vector & is defined by

Ax%xz x,,xzz()andx;—i—ngl
f=00 = .
0 otherwise

(a) What is the distribution function Fi(x)? Use this result to find the numerical value of the

constant A.
(b) What is the marginal density Sz, (x2)?

w be random variables {one-dimensional random vectors) with density functions

2.2, Let z and

e y<x <o
fa:]y(x1y} =
o x<y

and
1 0<y<1
fy(}’)‘:{

0 otherwise

(a) What is foy(x,y)? Specify the region where the joint density is nonzero and sketch this

region in the xy plane.
(b} What is fz(x)? Don’t forget fo specify regions of definition.

2.3. The joint density function for the two-dimensional random vectors & and y is

3y 0<x,x,yLy2 S 1
fzy(xl Y) = . )
0 otherwise

Are z and y statistically independent? Show why or why not.

2.4. The componenis z; and z2 of & two-dimensional random vector & are statistically independent

and have the marginal densities shown in Fig. PR2.4.

fa; (1) fupy (%2)

O H X2

Figure PR2.4 .
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Problems 79

2.21. (a) Given the correlation matrix and rmean vector

9 31 1
R.=|39 3 my = | —1
1369 I
and the transformation
1.0 0.5 05
y= (020305 |=x
04 0.1 1.0

find the mean vector, correlation matrix, and covariance matrix of y.
(b) Repeat this for the transformation

_[20 10 05
Y= 103 03 04
o

y
rd

2.22. Lei random varisbles x and y be defined by g

_z:3u-—4v

-

7 y=2u+v

/’ 0 . * g
where u and v are uncorrelated Gaussian random variables with mean values of 1 and variances

of t. e

(a) Find the mean values of & and y.

(b) Find the variances of z and y.

(¢} Write an expression for the joint density function of z and y.

{(d) Write an expression for the conditional density of given z.
Hint: What is the mean vector and covariance matrix for the vecior whose components are

and v? Use these to find the corresponding quantites for o and y.
2.23. Let vy, vz, v3, s be a set of zero-mean independent random variables with variances equal to
1,2,3,4. Let zy, T2, 23, %4 be defined by :

T1=v+v2t+vit+ s
Ty =~V t+v2+vi—U
T3=1U — U2+ U U
Ta =V T — V3 — U .
Show that =, and z» are uncorrelated, and x3 and x4 are uncorrelated, but that @2 and z3 are
not uncorrelated and ) and za are rof uncorrelated.

2.24. Given the correlation matrix
21

R. =
12

and the transformation
1 -3

y=|2 —-1|=
i 2
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16.

17

4.1, (a) Determine the mean and autocorrelation functi
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-PROBLEMS

on for the random process

zn] = vin] + 3v[n — 11

where vin] is a sequence of independent random variables with mean p and variance o

(b) Is z[n] stationary?

4.2, Random processes z[n] and y[n] are defined by

z[n] = niin] + 3m(n — 1]

and .
ylnl = vain + 11+ 3uin — 1]

se processes each with variance equal to 0.3.

where ui[n] and va[n] are independent white noi
and y? Are these processes wide-gsense sta-

(a) What are the autocorrelation functions of z
tienary?

1Bt ey




220

Second Moment Analysis Chap. 4

4.22. What are the correlation functions for the real and imaginary parts of the exponential correlation

4.23

4.24,

4.25.

4.26.

function in Table 4.2? What is the cross-correlation function? Determine aiso the complex
spectral density function for the real and imaginary parts of the process and sketch its poles
and zeros.

. A certain real random process is defined by
z[n]l = Acoswen + wln]

where A is a Gaussian random variable with mean zero and variance o2 and wln] is a white

noise process with variance 2, independent of A.

(a) What is the correlation function of x{n]?

(h) Can the power spectrum of z[n] be vofined? If so, what is the power spectral density
function?

{c} Repeat parts (a) and (b) in the case when the cosine has an independent random phase
uniformly distributed between —w and .

(a) Derive a general expression for the correlation function of the random process defined by
(4.103) and show that the process is wide-sense stationary if and only if the amplitudes
satisfy the orthogonality condition (4.104).

(b) By decomposing a real sinusoid with real random amplitude and uniform phase into the
sum of two complex sinusoids, show that such a random process satisfies the orthogonality
condition above and is therefore a stationary random process.

{c) A sampled random square wave with discrete period P has the form

z[n} = Asqr(nT — )

where A is a real random variable, T is the sampling interval, and 7 is a random delay pa-
rameter uniformly distributed over [0, PT7 and independent of A. This signal is comprised
of the fundamental freguency and only odd harmonics. Show that this periodic random

process is also stationary.

(d) Give an example of a random process in the form of (4.103) that does #nor satisfy the
orthogonality conditions (4.104). Recall that each component of the process is assumed to
have uniform phase and amplitude distributed independent of phase.

A sufficient condition for the random process
2[n] = A&’ = |AjeH

to be wide-sense stationary is that 4 and ¢ be independent and ¢ be uniformly distributed.
This condition also gnarrantees that the essential requirement

FAzfniJzingd} =0

is satisfied for the complex random process. Show thar the foregoing condition is only sufficient
for the stationarity, but not recessary. In other words, show by counterexample that |4| and
¢ need not be independent, and that if they are independent, the phase need not be uniformly
distributed in order for the random process to be stationary.

By following a procedure similar to that in Section 4.1.2, prove the positive semidefinite property
for the correlation function of a continuous random process. Then by taking the function a.(t}
in Table 4.7 to be an appropriate combination of continuous-time impulses, show that the
property (4.130) holds.

I
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54.

5.5,

5.6.

Linear Transformations ~ Chap. 5

(b} What is the correlation function of the output?
A linear system is defined by
y[nl = 0.7yln — 1]+ z[n] — zin — 1]

(a) Compute the first four values of Ryz{l} if it is known that R:{1] = 811

(b) What is Baylll for -3 <1<3?
(¢) What is the power spectral density function Sy{e”“}?

A causal linear shifi-invariant systerm is described by the difference equation

ylnl — %y[n —~ 11+ %y[n 2 =xzin—1]

Observe that the correlation and cross-correlation functions satisfy the difference equations

Ryl — %Rwu 1]+ %Ryzy — 2] = Ra[l - 1]

R - SRyt =114 G~ 21 = Bl = 1)

{e noise process with unit variance, then the solution to

{a} Show that if the imput T is a whi

the first equation is
1 z 1 1
Rw”lzﬁ((i) -(3) ) ull]

where u[l] is the unit step function.
{b) The function above is now used as an inpuot to the second equation. Since the equation

is driven with the sum of two exponentials, for [ < 0 it is reasonable to assume that the

response will be of the form

Bylll= & (-;—)_z-}—cz (%)71; l<d

r [ = 0 it is reasonable to assume that the only response will be

Since there is no input fo
the transient Tesponse, which has a similar form:

Rl = ¢ (l)l—l—c'g (l)l- >0
Y 2 3 s

gotution to the second equation.

With these considerations, find the
of the original system? Use this t

{¢) What is the system function H{(z)
of the correlation function Ryt

{d) What is the power spectrum Sy(e™)?

(e) Find the impulse response of the original system an
(5.13)«5.15) 10 find the output correlation function iy

{c).
Find a general closed-form ex
described by the first-order difference eguation

o find the z-transform

d use the convolution relationships
[{}. Check your answer with part

pression for the correlation function of the random process y[nl

yinl + ayln — 1] = z[n] + bzin — 1j

nce g

when the input z[r] is white noise with varia
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Problems

5.7. A signal with correlation func

tion Ril} = (%)HI is applied to a linear shift-invariant systerm

with impulse response hin] = §[n] 4+ éln — 13

. (a) Compute the correlation function of the output.

5.8.

5.9.

5.10.

5.11.

5.12.

(b) Compute the power spectrum of the input.
(¢) Compute the power Spectium of the ourpul.

A random signat z[n] is passed through a linear system with
hln] = 6[n] — 26in — 1]

output Rz, [l] if the input is white

impulse response

(a) Find the cross-correlation function between input and

noise with variance ol.
{(b) Find the correlation function of the output R,y{i].
(¢) Find the output power spectral density S,(e”).
a linear shift-invariant system is given by

h[n}:{<—nﬂ 0<n<3

The impuise response of

0 otherwise

A white noise process with variance a2 = 1 is applied to this system. Call the input to the

system z[n} and the evtput yin}
(a) What is the cross-correlation function R.y[1]? Sketch this function.

(b) What is the corelation function Ry il] of the output? Sketch this neatly.
A real random process with correlation function
R[] = 2(0.8)"
is applied to a linear shift-invariaat system whose difference equation is
yln] = 0.5y[n — 11+ z[n]

(a) What is the complex spectral density function of the output-Sy(z)?

(b} What s the correlation function of the output R, [I]?

A random process x[n] consists of independent random variables gach with uniform density

L —1<x<+1
- 2 - -
falx) { 0 otherwise

This process is applied to a linear shift-invariant system with impulse response

Lyr >
w={ & 73

Let the output process be denoted by y[n].

(a)} Compute Ryz{l].

(b) What is Ry{l]?

{c) What is Sy(2)? Use this to compuie Sy(e?™).

A linear shift-invariant system has the impulse response

h[n] = 28[n] + 6in — 11 — 6[n — 2]
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Thus if y(w) is defined as
Y{w) = In|H ()]

then it is equivalent to show that

f Iyt do < 00

—T
(a) Define the function

I e { %)) >0
T = { 0 otherwise

j 7w > 2] ~F(w)dw

-

Show that

Further show that since

/ Sa(e™)dw < 0

—7

f 'y*(w) < o0

f ~yw)dw < oo

—T

this implies that
(b) Show also that

[Assume that H ! .{z) has no zeros on the unit circle.]
{c} Finally, show from parts {a) and (b) that

2]k H(w)|dw:2/ |1n | Heq (€7)]jdw < 00

m™ -

5.27. Factor the following complex spectral density functions into minimum- and maximum-phase

components,
{a)
—16
Salz) = 12z — 25+ 12271
{(b)

4

3 - 1027 432~

Sm — i —_t———— i
() T4 1022 + 3z

x spectral density function

5.28. A random process has the comple

2—25+2""

5= 305 1

(a) Factor this function into minimum- and maximum-phase 1erms. What are the poles and

zeros?

"I T
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