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6\QW35���*UDSKLFDO�$SSURDFKHV

*UDSK�EDVHG�6WUXFWXUDO�5HSUHVHQWDWLRQV

*UDSK�,VRPRUSKLVP

5HODWLRQDO�*UDSKV

([DPSOHV

,QWURGXFWLRQ
� +LJKHU�GLPHQVLRQDO�JUDPPDUV�DUH�QHHGHG�WR�
EH�DEOH�WR�UHSUHVHQW�FRPSOH[�VWUXFWXUHV

� 3DUVLQJ�LV�D�JRRG�WRRO�IRU�FRPSDULQJ�VWULQJ�
JUDPPDUV

� )RU�KLJKHU�GLPHQVLRQDO�WUHH�JUDSK�JUDPPDUV��
JUDSK�VLPLODULW\��VKRXOG�EH�GHILQHG�DV�D��
PHDVXUH�RI�VLPLODULW\

� $PRQJ�GLIIHUHQW�WUHHV�JUDSKV��FODVVHV���WKH�
EHVW�PDWFK�IRU�D�JLYHQ�LQSXW�VKRXOG�EH�IRXQG�
EDVHG�RQ�VXFK�D�PHDVXUH
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*UDSK�7KHRU\���'HILQLWLRQV������

� $�JUDSK� *�LV�UHSUHVHQWHG�XVLQJ�D�VHW�RI�QRGHV��YHUWLFHV���1�DQG�HGJH�
VHW��DUFV���5�DV�* ^1�5`�ZKHUH�5�LV�D�VXEVHW�RI�1[1
� ,Q�6\QW35�DSSOLFDWLRQV�QRGHV�UHSUHVHQW�WKH�SDWWHUQ�SULPLWLYHV�ZKHUHDV�WK

HGJHV�JLYH�WKH�VWUXFWXUDO�LQIRUPDWLRQ

� $�VXEJUDSK RI�*�LV�LWVHOI�D�JUDSK�*V ^1V�5V`�ZKHUH�1V 	�5V DUH�VXEVHWV�
RI�1�	�5��UHVSHFWLYHO\

� $�JUDSK�LV�FRQQHFWHG LI�WKHUH�LV�D�SDWK�EHWZHHQ�DOO�SDLUV�RI�LWV�QRGHV

� $�JUDSK�LV�FRPSOHWH LI�WKHUH�LV�DQ�HGJH�EHWZHHQ�DOO�SDLUV�RI�LWV�QRGHV

� $�GLUHFWHG�JUDSK �GLJUDSK��LV�GHILQHG�VLPLODU�WR�D�JUDSK�H[FHSW�WKH�
SDLU��D�E�� ZKLFK�LV�DQ�HOHPHQW�RI�5��LV�GHILQHG�DV�DQ�HGJH�IURP�D WR�E

*UDSK�7KHRU\���'HILQLWLRQV������
� $�UHODWLRQ IURP�VHW�$�WR�VHW�%�LV�D�VXEVHW�RI$[%

� H�J��5HODWLRQ�´OLHV�RQµ���5 ^�UXJ�IORRU���FKDLU�UXJ���SHUVRQ�FKDLU�`
� 1RWH�WKDW�UHODWLRQV�KDV�D�GLUHFWLRQ���IORRU�UXJ��QRW�HOHPHQW�RI�5
� 8VXDO�QRWDWLRQ�XVLQJ�IXQFWLRQV�I�$Î%���E I�D���IXQFWLRQ  UHODWLRQ�
� 5HODWLRQV�FDQ�EH�KLJKHU�GLPHQVLRQDO���IRU����$[%�[&�['��Æ �D�E�F�G�

� $�UHODWLRQDO�JUDSK UHSUHVHQWV�RQH�SDUWLFXODU�UHODWLRQ�
JUDSKLFDOO\�E\�XVLQJ�DQ�DUURZ�WR�VKRZ�WKLV�UHODWLRQ�EHWZHHQ�WKH
HOHPHQWV�XVLQJ�D�GLUHFWHG�JUDSK
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5HODWLRQDO�*UDSK�IRU�´RQµ

� $�VHPDQWLF�QHW LV�D�UHODWLRQDO�JUDSK�VKRZV�DOO�WKH�UHODWLRQV�
EHWZHHQ�LWV�QRGHV�XVLQJ�VRPH�ODEHOV

� $�WUHH LV�D�ILQLWH�D�ILQLWH�DF\FOLF��FRQWDLQLQJ�QR�FORVHG�ORRSV�RU�
SDWKV�RU�F\FOHV��GLJUDSK
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&RPSDULQJ�5HODWLRQDO�*UDSK�'HVFULSWLRQV

� 7KH�REVHUYHG�GDWD�XVXDOO\�GRHV�QRW�PDWFK�H[DFWO\ WR�D�VWRUHG�
UHODWLRQDO�UHSUHVHQWDWLRQ��KHQFH�VLPLODULW\ VKRXOG�EH�PHDVXUHG

� 2QH�DSSURDFK�LV�WR�FKHFN�ZKHWKHU�WKH�REVHUYHG�GDWD�WR�PDWFK�
D�SRUWLRQRI�WKH�UHODWLRQDO�PRGHO
� &DVH�����$Q\�UHODWLRQ�QRW�SUHVHQW�LQ�ERWK�JUDSKV�Æ IDLOXUH
� &DVH�����$Q\�VLQJOH�PDWFK�RI�D�UHODWLRQ�Æ VXFFHVV
� $�UHDOLVWLF�VWUDWHJ\�LV�VRPHZKHUH�LQ�EHWZHHQ�WKHVH�H[WUHPHV

� )RU�FRPSDULQJ�UHODWLRQV��DGMDFHQF\�PDWUL[ FDQ�EH�XVHG���
$�GLJUDSK�*�ZLWK�S�QRGHV�FDQ�EH�FRQYHUWHG�LQWR�D�PDWUL[�E\
� 1XPEHULQJ�HDFK�QRGH�E\�DQ�LQGH[�>��«�S@
� 5HSUHVHQWLQJ�WKH�H[LVWHQFH��DEVHQFH��RI�DQ�HGJH�EHWZHHQ�DQ\�

QRGHV�LQ�*�YLD�$GM�L�M� ���$GM�L�M� ���LI�*��GRHV�QRW��FRQWDLQV�DQ�
HGJH�IURP�QRGH�M�WR�QRGH�L

*UDSK�,VRPRUSKLVP
� &RQVLGHU�WZR�JUDSKV��*� ^1��5�`�DQG�*� ^1��5�`�
� $�KRPRPRUSKLVP�IURP�* � WR�*� LV�D�IXQFWLRQ�I�IURP�1� WR�1�

� $Q�LVRPRUSKLVP�IURP�* � WR�*� LV�D�IXQFWLRQ�I�IURP�1� WR�1�

ZKHUH�I�LV�UHTXLUHG�WR�EH�����DQG�RQWR

211111 )](),([),( RwfvfRwv ∈⇒∈

211111 )](),([),( RwfvfRwv ∈⇔∈
� ,VRPRUSKLVP�VLPSO\�VWDWHV�WKDW�UHODEHOLQJ RI�QRGHV�\LHOGV�WKH�

VDPH�JUDSK�VWUXFWXUH
� 8QIRUWXQDWHO\��GHWHUPLQLQJ�JUDSK�LVRPRUSKLVP�FDQ�EH�

FRPSXWDWLRQDOO\�H[SHQVLYH

,620253+,&
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'HWHUPLQLQJ�,VRPRUSKLVP������

� *LYHQ�WZR�JUDSKV��*� ^1��5�`�DQG�*� ^1��5�`�HDFK�ZLWK�S�QRGHV��
DQ�HDV\�PHWKRG�WR�FKHFN�LVRPRUSKLVP��

�� /DEHO�WKH�QRGHV�RI�HDFK�JUDSK�ZLWK�ODEHOV�����« �S
�� )RUP�WKH�DGMDFHQF\�JUDSK�PDWULFHV��0� DQG�0� ��IRU�WZR�JUDSKV

�� ,I�0� 0� ��WKHQ�*�DQG�*� DUH�LVRPRUSKLF
�� ,I�0��LV�QRW�HTXDO�WR�0� ��FRQVLGHU�DOO�S��SRVVLEOH�ODEHOLQJV�RQ�*�

� 1RWH�WKDW�
� &RPSOH[LW\�RI�ILQGLQJ�LVRPRUSKLVP�LV�TXLWH�KLJK
� ,Q�SUDFWLFH��DOO�WKH�H[LVWLQJ�UHODWLRQV�PD\�QRW�EH�REVHUYHG�GXH�WR�

HIIHFWV�RI�QRLVH�RU�VWUXFWXUDO�GHIRUPDWLRQV��KHQFH�LVRPRUSKLVP�
LV�TXLWH�ULJRURXV�IRU�D�VLPLODULW\�PHDVXUH�ZLWKRXW�DQ\�HUURU�
FRUUHFWLRQ�FDSDELOLW\
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'HWHUPLQLQJ�,VRPRUSKLVP������

� 7KHUH�DUH�VRPH�LQYDULDQW�SURSHUWLHVZKLFK�DUH�SUHVHUYHG�
XQGHU�JUDSK�LVRPRUSKLVP���

� QXPEHU�RI�QRGHV��
� QXPEHU�RI�DUFV��
� LQ�GHJUHH�RI�D�YHUWH[��
� RXW�GHJUHH�RI�D�YHUWH[��
� FORVHG�SDWK�RI�OHQJWK�O�

� $Q�DOWHUQDWLYH�PHWKRG�LV�WR�ILQG�*�DQG�*� XQLVRPRUSKLFE\�
ILQGLQJ�DW�OHDVW�RQH�SURSHUW\��H�J��HTXDO�QXPEHU�RI�YHUWLFHV��
WKDW�DOO�LVRPRUSKLF�JUDSKV�PXVW�VKDUH�EXW�*�DQG�*� GR�QRW�

� *�DQG�*� DUH�FDOOHG�VXELVRPRUSKLF LI�D�VXEJUDSK�RI�*� LV�
LVRPRUSKLF�WR�D�VXEJUDSK�RI�*�
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([WHQVLRQV�WR�*UDSK�0DWFKLQJ�$SSURDFK
� 6LQFH�VLPSOH�PDWFKLQJ�RI�WZR�JUDSKV�LV�QRW�SUDFWLFDO��VRPH�

H[WHQVLRQV�DUH�SURSRVHG�WR�GHILQH�D�PHDVXUH�EHWZHHQ�JUDSK�
VLPLODULW\�

� ([WUDFW�VRPH�²QRW�SDWWHUQ�EXW�JUDSK� IHDWXUHV�IURP�*�DQG�*� WR�IRUP�
IHDWXUH�YHFWRUV�[�DQG�[���UHVSHFWLYHO\��7KHQ�XVH�6WDW35�WHFKQLTXHV�WR�
FRPSDUH�[�DQG�[��

� 8VH�D�PDWFKLQJ�PHWULF�DV�WKH�PLQLPXP�QXPEHU�RI�WUDQVIRUPDWLRQV�
UHTXLUHG�WR�WUDQVIRUP�*��LQWR�*� ��VXFK�DV

� QRGH�LQVHUWLRQ
� QRGH�GHOHWLRQ
� QRGH�VSOLWWLQJ
� QRGH�PHUJLQJ
� HGJH�LQVHUWLRQ
� HGJH�GHOHWLRQ

� 1RWH�WKDW
� &RPSXWDWLRQDO�FRPSOH[LW\�LV�VWLOO�KLJK
� 'LIILFXOW\�LQ�GHVLJQLQJ�GLVWDQFH�PHDVXUH�ZKLFK�ZLOO�ODEHO�DOORZHG�

VWUXFWXUDO�GHIRUPDWLRQV��DV�VLPLODU�DQG�ODEHO�WKRVH�WKDW�UHSUHVHQW�
GLIIHUHQW�FODVVHV�DV�GLVVLPLODU

5HODWLRQDO�*UDSK�6LPLODULW\������
� *LYHQ�D�VHW�RI�QRGHV�1��FRUUHVSRQGLQJ�UHODWLRQDO�GHVFULSWLRQV�

LV�GHILQHG�DV�D�VHW�RI�UHODWLRQV�'1 ^5��5��«�5Q`�ZKHUH�HDFK�
UHODWLRQ5L ⊆ 1[1� �LQ�JHQHUDO�5L ⊆ 1[1«[1 �

� *LYHQ�WZR�QRGH�VHWV�$�DQG�%�ZLWK�_$_ _%_��FRUUHVSRQGLQJ�
UHODWLRQDO�GHVFULSWLRQV�'$ ^5��5��«�5Q`��DQG�'% ^6��6��«�6Q`��ZH�
PD\�VHHN�IRU�D�PHDVXUH�RI�VLPLODULW\

� %DVHG�XSRQ�WKH�LWK UHODWLRQ�5L LQ�'$ DQG�LWK UHODWLRQ6L LQ�'%��
VWUXFWXUDO�HUURU� (L� ZKLFK�LV�D�IXQFWLRQ�RI�I��LV�GHILQHG�DV�
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� (L�I��VLPSO\�PHDVXUHV�WKH�QXPEHU�RI�HOHPHQWV�LQ�5L WKDW�DUH�
QRW�LQ�6L 3/86�WKH�QXPEHU�RI�HOHPHQWV�LQ�6L WKDW�DUH�QRW�LQ�5L

� )RU�D�JLYHQ�I��WZR�QRGH�VHWV�$�DQG�%�LV�FRPSDUHG�ZUW�LWK
UHODWLRQ�XVLQJ�(L�I��
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5HODWLRQDO�*UDSK�6LPLODULW\������

� 7RWDO�VWUXFWXUDO�HUURU ��(�I���VLPSO\�WKH�VXP�RI�DOO�VWUXFWXUDO�
HUURU�IRU�HDFK�UHODWLRQV�IRU�D�JLYHQ�I

)(min),( fEDDRD
f

BA =

� 1RWH�WKDW�LI�DQ\�I PD\�EH�IRXQG��VXFK�WKDW�'$ LV�LVRPRUSKLF�
WR�'% ��WKHQ�5'�LV�HTXDO�WR��

� ,I�WKH\�DUH�QRW�LVRPRUSKLF�WKHQ�5'�ZLOO�JLYH�D�YDOXH�DFFRUGLQJ�
WR�WKH�´GLIIHUHQFHµ�EHWZHHQ�WZR�JUDSKV

� 5HODWLRQDO�GLVWDQFH� 5'��EHWZHHQ�'$ DQG�'% LV�GHILQHG�DV

∑
=

=
n

i

i fEfE
1

)()(

kibafwithAaaaBbbbfR

whereRfSSfRfE

ii
k

k
k

k

iiii
i

,,2,1)(}),,,(|),,,{(

||||)(

2121

1

���$

$$

==∈∃∈=

−+−= −

$WWULEXWHG�*UDSKV������
� 7KH�UHSUHVHQWDWLRQ�RI�SDWWHUQ�VWUXFWXUH�FDQ�EH�LPSURYHG�E\�

LQFOXGLQJ�QXPHULFDO�V\PEROLF�DWWULEXWHV��RI�SDWWHUQ�SULPLWLYHV�LQ�D�
JUDSK

� $Q�DWWULEXWHG�JUDSK��*L��LV�D���WXSOH�� *L ^1L�3L�5L`�ZKHUH
� 1L��D�VHW�RI�QRGHV

� 3L ��D�VHW�RI�SURSHUWLHV�RI�WKHVH�QRGHV
� 5L ��D�VHW�RI�UHODWLRQV�EHWZHHQ�QRGHV

� /HW�SL
T�Q��EH�WKH�YDOXH�RI�TWK SURSHUW\�RI�QRGH�Q�RI�JUDSK�*L�

� 1RGHV�Q� DQG�Q� �RQ�*� DQG�*���DUH�VDLG�WR�IRUP�DQ�DVVLJQPHQW LI�
S�

T�Q���a�S�T�Q�����a�GHQRWHV�VLPLODULW\�
� /HW�ULM�Q[�Q\��EH�WKH�MWK UHODWLRQ�EHWZHHQ�QRGHV�Q[ DQG�Q\ RI�JUDSK�*L

� :KLOH�FRPSDULQJ�*� DQG�*���WZR�DVVLJQPHQWV�Q���Q���DQG��Q·���Q·���DUH�
FRQVLGHUHG�FRPSDWLEOH LI�U�M�Q��Q·���a�U�M�Q��Q·���IRU�DOO�M

� 7ZR�DWWULEXWHG�JUDSKV��*� DQG�*���DUH�LVRPRUSKLF�LI�WKHUH�H[LVWV�D�
VHW�RI�����DVVLJQPHQWVRI�QRGHV��LQ�*� WR�QRGHV�LQ�*���VXFK�WKDW�DOO�
DVVLJQPHQWVDUH�FRPSDWLEOH
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$WWULEXWHG�*UDSKV������

� ([DPSOH���)RU�WKH�JLYHQ���DWWULEXWHG�JUDSKV��*� DQG�*���
� 1RGH�SURSHUWLHV�GHQRWHG�E\�GLIIHUHQW�VKDSHV�DQG�FRORUV

� 7KH�VLQJOH�UHODWLRQ�LV�VKRZQ�E\�WKH�DUFV�FRQQHFWLQJ�WKH�QRGHV�

$VVLJQPHQWV� �^�� �aH�����aJ�����aE�����aI�����aG�����aD�����aF�����aH�����aJ�����aG�����aI�����aD�����aF��`
&RPSDWLELOLW\ �^�>� ����a�F�E�@��>� ����a�G�F�@��>�����a�I�H�@��>� ����a�H�J�@��>�����a�D�J�@��>� ����a� G�E�@

>�����a�H�E�@��>� ����a� J�E�@��««�DOO�WKH�FRPSDWLEOH�XQFRQQHFWHG�DVVLJQPHQWV�««`

7ZR�JUDSKV�DUH�QRW�LVRPRUSKLF�VLQFH�WKHUH�LV�QR�VHW�RI�� ���DVVLJQPHQWV�EHWZHHQ�WKH�QRGHV�RI� *� DQG�
*�� VXFK�WKDW�DOO�DVVLJQPHQWV�DUH�FRPSDWLEOH
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&RPSDULQJ�$WWULEXWHG�*UDSKV������
� $�OHVV�ULJRURXV�WHVW�RI�VLPLODULW\�LV�DOVR�UHTXLUHG�IRU�DWWULEXWHG�

JUDSKV��DV�LQ�WKH�FDVH�RI�UHODWLRQDO�JUDSKV
� ([WUDFW�VRPH�²QRW�SDWWHUQ�EXW�JUDSK� IHDWXUHV�IURP�*�DQG�*� WR�

IRUP�IHDWXUH�YHFWRUV�[�DQG�[���UHVSHFWLYHO\��7KHQ��XVH6WDW35
WHFKQLTXHV�WR�FRPSDUH�[�DQG�[��

� 8VH�D�PDWFKLQJ�PHWULF�DV�WKH�PLQLPXP�QXPEHU�RI�
WUDQVIRUPDWLRQV�UHTXLUHG�WR�WUDQVIRUP�*�� LQWR�*�

� $�EHWWHU�ZD\�WR�FKHFN�VLPLODULW\�RI�WZR�DWWULEXWHG�JUDSKV�LV�
REWDLQHG�E\�EHJLQQLQJ�IURP��QRW�DOO�WKH�QRGHV�EXW��WKH�QRGHV�
EHORQJLQJ�WR�WKH�PD[LPDO�FOLTXHVRI�WKH�PDWFK�JUDSK

� $�FOLTXH RI�D�JUDSK�*�LV�D�WRWDOO\�FRQQHFWHG�VXEJUDSK
� $�PD[LPDO�FOLTXH LV�QRW�LQFOXGHG�LQ�DQ\�RWKHU�FOLTXH
� $�PDWFK�JUDSK �0*��LV�IRUPHG�IURP�WZR�JUDSKV�*��DQG�*� E\

� 1RGHV�RI�0*�DUH�DVVLJQPHQWV IURP�*��DQG�*� ��UHVSHFWLYHO\

� $Q�HGJH�LQ�WKH�0*�H[LVWV�EHWZHHQ�WZR�QRGHV�LI�WKH�FRUUHVSRQGLQJ�
DVVLJQPHQWV DUH�FRPSDWLEOH
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&RPSDULQJ�$WWULEXWHG�*UDSKV������

� ([DPSOH���)RU�WKH�SUHYLRXVO\�JLYHQ���DWWULEXWHG�JUDSKV��*� DQG�*���

$VVLJQPHQWV� �^�� �aH�����aJ�����aE�����aI�����aG�����aD�����aF�����aH�����aJ�����aG�����aI�����aD�����aF��`
&RPSDWLELOLW\ �^�>� ����a�F�E�@��>� ����a�G�F�@��>�����a�I�H�@��>� ����a�H�J�@��>�����a�D�J�@��>� ����a� G�E�@

>�����a�H�E�@��>� ����a� J�E�@��««�DOO�WKH�FRPSDWLEOH�XQFRQQHFWHG�DVVLJQPHQWV�««`�`
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0DWFK�*UDSK�RI�*� DQG�DQG�*�
�QRW�DOO�FRPSDWLOLWLHV�GXH�WR�
CQR�UHODWLRQV·�DUH�GUDZQ�
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&RPSDULQJ�$WWULEXWHG�*UDSKV������
� 0HDVXULQJ�WKH�WUDQVIRUPDWLRQ�GLIIHUHQFH�EHWZHHQ�JUDSKV
� ,Q�RUGHU�WR�WUDQVIRUP�JUDSK*L WR�JUDSK*M��D�VLPLODULW\�

PHDVXUH�'�*L� *M��PXVW�EH�GHILQHG�ZLWK�WKHVH�SURSHUWLHV��
� '�*L� *L�� ��
� '�*L� *M��!����IRU�L�QRW�HTXDO�WR�M
� '�*L� *M�� �'�*M� *L���HTXDO�WR�FRVWV�IRU�LQVHUWLRQ�GHOHWLRQ��
� '�*L� *M����'�*L� *N����'�*N� *M���WULDQJOH�LQHTXDOLW\�

� 'LVWDQFH�PHDVXUH�FDQ�EH�GHILQHG�DV�

graphs obetween tw tion)(configura mapping node a denotes :x 

ofandofbetween  measure similarity),(),()(

delete edge :ed    insert, edge  :ei    ation      transformingcorrespondfor cost  :

delete node:nd   insert, node:niation     transformingcorrespondfor  weight :

)()()}({min

jjiijinjinn

nnededeieindndninissx

GqGpqpfwhereqpfxc

c

w

xcwcwcwcwcwxDwherexDD

∑=

++++==



�

([DPSOH���&ODVVLILFDWLRQ�E\�$WWULEXWHG�*UDSKV

� )RU�HDFK�SDWWHUQ��D�ODEHO�LV�SODFHG�RQ�HDFK�OLQH�VHJPHQW��WKXV�
VSHFLI\LQJ�DQ�DWWULEXWH�LQGLFDWLQJ�VHJPHQW�RULHQWDWLRQ

� $WWULEXWHG�VHJPHQWV��KRUL]RQWDO�	�YHUWLFDO��IRUP�JUDSK�QRGHV
� 6\PPHWULF�XQGLUHFWHG�UHODWLRQ�RI�´DWWDFKHGµ�LV�XVHG

1HZ�SDWWHUQ&ODVV�� &ODVV��

&ODVV��

E

D

F

G

H

D

E

FG

H

1HZ�SDWWHUQ

Fµ

Eµ

Dµ

&ODVV��

D· E·

F·

G·
G·

D·

E·

F·
Fµ

Eµ

Dµ

� 6RPH�RI�WKH�SUHYLRXVO\�PHQWLRQHG�PDWFKLQJ�PHWKRGV�FDQ�EH�
XVHG�WR�FRPSDUH�WKH�JUDSKV�DERYH�

� 'HWHUPLQH�VXELVRPRUSKLVP
� 8VH�IHDWXUHV�H[WUDFWHG�IURP�WKHVH�JUDSKV��VXFK�DV���RI�QRGHV�

([DPSOH���&ODVVLILFDWLRQ�E\�$WWULEXWHG�*UDSKV

� ,Q�RUGHU�WR�FRPSDUH�WKHVH�JUDSKV�YLD�PD[LPXP�FOLTXHV��ZH�KDYH�WR
GHYHORS�PDWFKLQJ�JUDSKV

� ´3µ�	�QHZ����D�Dµ���E�Eµ���E�Fµ���F�Dµ���G�Eµ���G�Fµ����H�Eµ���H�Fµ�
� ´7µ�	�QHZ����D·�Dµ���E·�Dµ���F·�Eµ���F·�Fµ���G·�Eµ���G·�Fµ�
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